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fvj ' Abstract. A key symmetry of classical p-branes is invariance under worldvolume diffeo- 

, , morphisms. Under the assumption that the worldvolume, at fixed values of the time, is 

^ i' a compact, quantisable Kiihler manifold, we prove that the Lie algebra of volume-preserving 

•^^ , diffeomorphisms of the worldvolume can be approximated by su{n), for n — > oo. We also 

prove, under the same assumptions regarding the worldvolume at fixed time, that classical 

Nambu brackets on the worldvolume are quantised by the multibrackets corresponding to 

cocycles in the cohomology of the Lie algebra su{n). 
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f^ , 1 Introduction 

>, 
O ! 1.1 Some history 

\o. 

^^ ' Ever since its inception by Wigner in 1932 [1], quantum mechanics on phase space has remained 

a source of inspiration for mathematical physicists trying to clarify the deep relation between the 

^T [ classical world and the quantum world. Some milestones along this route were the pioneering 

QQ ' articles [2] and [3] , which culminated in the formal development of deformation quantisation [5] . 

^D ■ A central role in this programme is played by the ^-product operation on Poisson manifolds [5]. 

Good references on the subject are [HIE]- 

X 

^ ' 1.2 Some mechanics 

Classical mechanics can be formulated on a Poisson manifold M. The algebra C°^{M) of smooth 
functions on A4 supports classical Poisson brackets (CPB), i.e., an antisymmetric, bilinear map 

{•,-}cpb: C°^{M)xC°°{M)^C^{M) 

satisfying the Jacobi identity and the Leibniz derivation rule. Given a classical mechanics 
governed by a Hamiltonian function H, the time evolution of a time-independent function / on 
phase space is determined by its CPB with H, 



dt 



^ = {/,i/}cpB. (1) 



One can replace CPB with classical Nambu brackets (CNB) [8], in the following way. Assume 
that the system has N degrees of freedom. The CNB of 2A^ functions fi, ■ ■ ■ , f2N is given 



*This paper is a contribution to the Special Issue on Deformation Quantization. The full collection is available 
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by their Jacobian determinant with respect to the canonical coordinates x* and the conjugate 
momenta p*: 

'9(/i,...,/27v) 



{/l, • • • , /27v}cNB = alt(a/i, . . .,df2N) = g^^l^^l^ _ _ .,X^,p^) ' 

Then the CPB of any two phase-space functions f,g can be expressed in terms of their CNB, 
with A^ — 1 insertions of conjugate pairs (x*,p*) and summing over the latter [9]: 

{f,9}cPB = Jj^^{f,9,x'\p'\---^'--\p'-~'}c^^. (2) 

A summation over all pairs of repeated indices is understood on the right-hand side of ([2|). This 
insertion of, plus summation over, conjugate pairs, is called symplectic tracing of the CNB. In 
this way, the equation of motion ([1]) becomes 

f =(^^{/,^,x-,p-,...,:r--,p--}^^3. (3) 

Through the use of such symplectic traces, the equations of motion for an arbitrary classical 
system can be reexpressed in terms of CNB. The possibility of so doing hinges on equation ([2]). 
In turn, the latter rests on the CPB resolution of the CNB [9]: 

{fl, /2, • • • , f2N-l, /27v}cNB 

(—lY 

7rgP2jv 

where (—1)'^ is the signature of the permutation vr within the symmetric group on 2N in- 
dices, P2N- 

Upon quantisation, the algebra of functions C°°{A4) on classical phase space gets replaced 
by the algebra of operators 0{TC) on Hilbert space TC. The quantum Nambu bracket (QNB) of 
the operators Fi,. . . ,Fm G 0(H) is defined as the fully antisymmetrised product [8] 

[Fl,..., F^Iqnb := alt (Fi • • • Fm) = Yl ("!)" ^-(i) ' " " ^-M, (5) 

TTGPm 

the usual quantum commutator being the particular case m = 2. To avoid confusion with other 
brackets to be introduced later, we will use the notation 

[i^i, i^2]QPB := F1F2 - F2F1, Fl, F2 G Oin) 

for the QNB of m = 2 operators, the subindex QPB standing for quantum Poisson brackets. 
When m = 2k, the following resolution of the QNB into a sum of products of QPB holds [9]: 

[-^1,-^2, ■ • ■ ,F2k-l,F2k]QNB = 2_^ nkU [-^7r(l) > -^7r{2)]QPB ' ' ' [-PV{2fe-l)) -^7r{2fe)]QPB- 

This is the quantum analogue of the resolution (j4|), although it is valid for any k, not just k = N. 
The quantum analogue of equation ([T]) is 

dF 



while that of equation ^ , obtained also by symplectic tracing, reads 

(i^)''^=(]73T)T[^'^'^"'^"'---'^"'^^""%NB- (6) 

Above, a factor of (ih) on the left-hand side accounts for A^ — 1 symplectic traces on the 
right-hand side, while the remaining factor ih is the one multiplying all time derivatives in the 
quantum theory. 
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1.3 Some Lie-algebra cohomology 

Along an apparently unrelated line, it turns out that multibracket operations on simple, compact 
Lie algebras share many properties in common with Nambu brackets. These multibrackets can 
be constructed from a knowledge of the de Rham cohomology ring of the corresponding simple, 
compact Lie group [10]. For definiteness we concentrate on the group SU{n), whose Lie algebra 
su{n) we denote, as usual, in lowercase. The Poincare polynomial of SU{n) is [llj 

PSUin){x) = (1 + ^')(1 + ^') • • • (1 + x'"-'). 

In plain words, SU{n) contains cohomology cocycles in dimensions 3, 5, . . . , 2n — 1, whose di- 
mensions add up to n^ — 1, the dimension of SU{n). At the Lie- algebra level this implies the 
existence of cohomology cocycles ^3, ws, . . . , uJ2n~i- These cohomology cocycles of su{n) are 
represented by totally antisymmetric tensors with as many indices as dictated by the corre- 
sponding dimensions. In order to compute their components let us consider the basis of su{n) 
given by 

[n,n]=u;,',n, (7) 

where the Killing metric reads, possibly up to an overall numerical factor, 

kab = tv{TaTb). (8) 

Then the components cOabc of the co cycle a;3 are given by 

^abc = l^3{Ta,Tb, Tc). 

The LOabc can also be regarded as the result of lowering the upper index on the structure con- 
stants uj^^, i.e., 

^abc = ^ab^dc- 

Consider now a (2j -|- l)-dimensional cocycle uj2j+i- In the basis ([7]), its components are given by 



UJ. 



aia2...a2j+i 



^2j+l{Tai,Ta2,--- ,Ta2j+i)- (9) 



Using ([9|) and the inverse Killing metric k let us define 

'^aia2 ...a2j '■— ^ai a2 ...a2j,c k 

On the su{n) generators T^ we define a 2j-fold bracket by 

[j-an ■ ■ ■ ) -'a2jjLJ2j+i ~ ^ai...a2j ^b^ (J-Uj 

and extend it to all of su{n) by multilinearity and complete antisymmetry. This ensures that 
the left-hand side of (jlOp is proportional to the determinant of the 2j x 2j matrix whose rows 
are the T^, 

\Tai ■ ■ ■ ,Ta2j\L02j+i = -^alt (Ta^ ■ ■ ■Ta2j) = \^ax...aij Tb^ ■ ■ ■ Tb^y (11) 

The proportionality factor A can be chosen to be unity if the Killing metric ([8]) is normalised 
appropriately. When j = 1, (fTO|) reduces to the Lie bracket d?]). The operation pT]) is identical 
to that of equation ([5]), with the important difference, however, that the latter is an operation 
on quantum operators, while pT]) is defined on a classical Lie algebra. Moreover, pT|) requires 
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an even number of entries, while the QNB of equation ([5]) do not. One can express equation (jlip 
as a sum of products of 2-fold Lie brackets ([7]), 

[rp rji rp 7"" 1 0102 ...02j — lb2j vrp rp I ^rp T^ 1 ^9^ 

[Jai ) -ia2 • • • 1 -'a2j-ii -'a2jja;2j+i — ITj (-aia2...a2j-ia2j L-^6i i -^feJ ' ' ' l-' b23-i ' ^62jJ' V-*^^/ 

where the subindex uj^ is conventionally omitted from the binary brackets on the right-hand 
side. The above is analogous to the CPB resolution of the CNB of equation (j3]), with 2j-fold 
brackets replacing the CNB on the left-hand side, and 2-fold Lie brackets replacing the CPB on 
the right-hand side. 

1.4 Summary 

In this article we establish a relation between multibrackets on the Lie algebra of su{n) and the 
quantum dynamics of p-branes, where p = 2k > 2 . We begin in Section[2]by reviewing a similar 
link in the case of membranes. In Section [3] we move on to higher-dimensional, relativistic 
extended objects. We concentrate throughout on the bosonic sector of the corresponding p- 
branes. Our conclusions are presented in Section HI where some examples are detailed and the 
relation with deformation quantisation is discussed. 

2 Membranes and Poisson brackets 

2.1 Classical membranes 

The classical supermembrane in M^^ is described by bosonic coordinates x* (o"i , o"2 , t) , i = 
1, . . . , 11, and its superpartners. A key symmetry of the classical membrane is its invariance un- 
der area-preserving reparametrisations of the membrane worldvolume [12] . Infinitesimal, time- 
independent, area-preserving reparametrisations are coordinate transformations of the mem- 
brane worldvolume at fixed time r, denoted W2-, 

a'-^a' + Cicy), r = l,2, 
such that 

dr{w{a)C{c7))=^. 

Above, w{ai, 02) is a certain density on W2 which we normalise to unity, 

/ d?aw{a) = l. (13) 

JW2 

Locally, all area-preserving reparametrisations can be expressed in terms of a single func- 
tion ^(cr), the dual on W2 of the vector ^'^'(cr). 

However, on topologically nontrivial worldvolumes, equation (jl4|) need not hold globally, so we 
will restrict to the subgroup generated by functions ^(cr) that are globally defined on W2- One 
can treat the Lie group G^r^ of globally-defined, area-preserving diffeomorphisms (an infinite- 
dimensional group) in a way that resembles gauge theory. For this purpose one introduces the 
Lie brackets for functions on W2 

{x\x^}w2 ■■= w{(yu<y2)~^[d„,x' d„^x^ - d^^x' d^^x^) . (15) 
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Then an infinitesimal area-preserving reparametrisation acts on the membrane's bosonic coor- 
dinates x* as 

A gauge field A taking values in the Lie algebra of Gw^ can also be introduced, its transformation 
law being 

Correspondingly we have the gauge covariant derivatives 

DrX^ = drx' + {x\A}y^^^ . 
In the light-cone gauge only the transverse components i = 1,...,9 are dynamical, and the 



bosonic part of the membrane Lagrangian reads [12 

1 1 / \ 2 



The corresponding bosonic Hamiltonian is 

H2 = ll^ d'aw{ar'p}{a) + \Y,j^ d'a w{a) [{x\a),x\a)]^^\ (16) 



Furthermore there is a constraint whose bosonic part reads 

ip = {w~^p\xi]^^ -0. 
The above constraint generates the Lie algebra of globally-defined, area-preserving reparametri- 



sations of W2- This latter algebra can be expressed in terms of the Lie brackets (jlSp . For this 
purpose it suffices to fix a complete orthonormal basis of functions 6A('7i,cr2)5 A = 0,1,..., 
on W2- As such they satisfy 

/ d^aw{a)b^{a)bB{cy) = 5J, (17) 

as well as 

^ h'^{a)bA{(y') = w{a)~^6^{cj - a'). (18) 

A 

Indices are raised and lowered according to 

b^{a) = {hA{<y)r=rj''^bB{cj). (19) 

Then any function / = /(o") on W2 can be expanded as 

A 
and one can write 

{hA{a),hB{a)}^^ = g^E &c(^) = 9 ABC b^ia), (21) 

where 

9ABC= I d?aw{a)bA{a){bB{cy),bc{a)]w,- (22) 

The QABC ctre the structure constants of the (infinite-dimensional) Lie algebra of area-preserving 
dif feomorphisms . 
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2.2 Quantum membranes 

The quantum theory corresponding to the classical Hamiltonian function (|16p requires regulari- 
sation [12^ I13j . This is done by introducing a cutoff A on the infinite range covered by the 
indices A, B,C, . . . in equations (fT7|) - (p2|) . The infinite number of degrees of freedom present 
in the classical theory are recovered in the limit A — > oo. Any finite value of A corresponds 
to a truncation of the infinite-dimensional Lie group Gw2 of area-preserving reparametrisations 
of W2 ■ Truncating means replacing Gw2 with some finite-dimensional Lie group Gw2 (^) ^^ such 
a way that, if the latter has structure constants uJABci^)^ then 

lim uJABci^) = 9 ABC, (23) 

A^oo 

where the gABC ^.re as in equation (j22p . This regularisation leads to a supersymmetric matrix 
model with a Hamiltonian whose bosonic piece is given by 



i7o=tr 



\p'P^ + \Y.i^\X']A, (24) 



the coordinates Xi and momenta Pi taking values in the Lie algebra of Gw2 (^)- In particular, the 
potential term ^ [X*, X ]'^ involves the Lie brackets on the Lie algebra of Gh/2(A), which appear 

as the quantum analogues of the Lie brackets (jlSp on W2- Integration over the world volume is 
replaced by tracing over the Lie algebra of Gw2 (^) • 

It is not guaranteed that a regularised theory satisfying equation ()23p will exist. The exis- 
tence of a quantum theory satisfying equation (j23p depends on the geometry of the membrane. 
When W2 is a Riemann sphere it has been proved (see [13] and references therein) that one can 
take Gw2i^) equal to SU{n), with A = n^ — 1, in order to obtain a good quantum truncation of 
the infinite-dimensional group of area-preserving diffeomorphisms. Then a convenient complete 
system of orthonormal functions 6a (<7) is given by the usual spherical harmonics, the density 
function in equation (113p being w{9,ip) = sin&/47r. Equation (j23p was generalised from the 
sphere to the case when W2 is a torus in [T3|. Equation (j23p also holds, in the sense of conver- 
gence of the structure constants, for an arbitrary compact, quantisable Kahler manifold M (see 
below) in any even real dimension 2k [15| . In this latter case the qabc ^-re the structure con- 
stants of the Lie algebra of divergence- free diffeomorphisms; such reparametrisations preserve 
symplectic volume on M., even if the latter (for k > 1) lacks an interpretation as a membrane 
worldvolume. However, this property will turn out to be useful for p-branes when p > 1. 

For the benefit of the reader let us recall the definition of a quantisable Kahler manifold M. 
used above. Let M he a. complex manifold and to a Kahler 2-form on it. Assume that M. 
possesses a triple (L,/i, V), where L is a holomorphic line bundle on 7V4, with h a Hermitian 
metric on this bundle and V a connection on L. This connection will also be assumed compatible 
with the metric h and compatible with the complex structure. If the curvature 2-form F of the 
connection V on L is such that F = oj/'ih, then the manifold M. is called quantisable. 

3 p-branes and multibrackets 

3.1 Classical p-branes 

A relativistic p-brane embedded within M*^ has a light-cone Hamiltonian whose bosonic piece 
reads [TU 



H, = \l d^aw{ar'pi{a) + - f dPaw{a)g{a). (25) 
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Above, the embedding functions x* = a;*(o"i, . . . , dp, r) have the pi as their conjugate momenta. 
The cTj, i = 1, . . . ,p, are spacelike coordinates and r is a timelike coordinate parametrising the 
p + 1 dimensions of the p-brane as the latter evolves in time. We denote by Wp the p-brane 
worldvolume at a fixed value of r. The function 'w{a) is a density on Wp, and g{a) stands for 
the determinant of the induced metric 

9rs — Oj-X OgXi, r, 5 — i, . . . ,p. 

Define, for p functions fi = fi{(y) on Wp, the brackets 

{/i, ■ ■ ■ , fp}w, ■■= w~'alt {dfi ■ ■ ■ dfp) . (26) 

Then one has [13) 

9= Y^ {xi^,...,Xi^}w^{x'\...,x^^}w^. (27) 



ii<---<i 



V 



Substituting (j27|) into ()25p we obtain the p-brane analogue of the bosonic Hamiltonian for 
the membrane, equation (J16p . Picking a complete, orthonormal set of functions ^^(c) on Wp, 
completeness ensures that their brackets can be expanded as 

{6Ai(<T),...,^Ap(fT)}typ =9A^...A^cb^{(y), 
where 

gAi...ApC= dPaw{a)bAj{a) {bA2{(T),...,bAp{a),bc{a)} (28) 

JWp "^ 

The above generalise equations (f2T]) . (1221) . As in the case of the membrane, the gAx...ApC are 
completely antisymmetric and cr-independent. 

3.2 Quantum p-branes 

We claim that the classical system of Section [3.11 can be quantised as follows. Let Wp be com- 
pact, quantisable and Kahler. In particular this implies that p is even, p = 2k. We measure 
volumes using the A;-th exterior power of the symplectic form. We normalise the volume of Wp 
to unity, as in (|13|) . In this way we can have the cutoff A in equation (|3U|) below dimension- 
less. Let Gwp denote the infinite-dimensional Lie group of globally-defined, volume-preserving 
diffeomorphisms of Wp. Then SU{n), for n — > oo, is a quantisation of Gwp- Moreover, upon 
quantisation we would like to replace the classical Nambu brackets (j26p with some analogous 
expression containing the Lie- algebra multibrackets of Section [TJ The Lie algebra su{n) contains 
the cohomology cocycle lo2j+i-, and then 

g = 2_^ [^*i ' ■ ■ ■ ' -^^-^j ]'^2i+i [^'^^ ) • ■ ■ 5 ^^'^^ ]^2j+i 
Ji<---<J2i 

is the quantisation of equation (j27p . Moreover, integrals over the worldvolume Wp are replaced by 
traces over a certain irreducible representation of su{n). The quantum Hamiltonian operator is 

\ ii<--<i2j / 

the coordinates Xi and momenta Pi taking values in some irreducible representation of su{n). 
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To establish the claim made above it suffices to prove that the following analogue of equa- 
tion (|23|) holds for the cocycles of order higher than 3: 

hm u;^,...^,/(A) = <7Ai...A2/- (29) 

Above, the right-hand side is as in equation (j28p : the left-hand side contains the components of 
the su{n) cocycle uJ2j+i- The cutoff parameter A in (j29p is the dimension of su{n): 

A = n^ - 1. (30) 

In order to prove equation ([22D we use the decompositions (fT^ and ^ as applied to the left 
and right-hand sides of ([29]) . respectively. Assume that the worldvolume Wp satisfies the as- 
sumptions stated at the end of Section 12.21 namely: Wp is compact, quantisable and Kahler. 
The left-hand side of (j29p decomposes into an antisymmetrised sum of products of twofold Lie 
brackets on su{n). The right-hand side of (|29p also decomposes into an antisymmetrised sum 
of products of twofold Poisson brackets. Pick any triple of indices A, B, C within those two 
decompositions, and denote the corresponding structure constants by ujabc and gABd respec- 
tively. By equation (I23p . the structure constants ujabc of this su{n) provide a quantisation of 
the corresponding twofold Poisson brackets with structure constants qabc- This allows one to 
apply ([23]) to each and every triple of indices arising within those decompositions. We conclude 
that, under the assumptions made regarding the worldvolume Wp, equation (p9|) holds true. 
For large enough n, the cohomology ring of su[n) always contains a cocycle W2j+i such that 
2j = 2k = p, where p is the even dimension of Wp. Thus the cocycle required to quantise (j26p 
is cijp+i. The algebra su{n) with n >2 provides a quantisation of the membrane; for the 4-brane 
we need n > 3, for the 6-brane we need n > 4, and so on. 

The careful reader will have noticed the following minor point. Indices on the right-hand side 
of (j29p are uppercase, running over a complete set of functions on Wp. The left-hand side of (j29p 
contains the components of the su{n) cocycle i02j+i. As such its indices should be lowercase, 
i.e.. Lie-algebra valued. However the latter have also been written in uppercase. The reason for 
this is the same as in equation (j23p . whose left-hand side should, in principle, also be lowercase. 
A vielbein can be introduced on Wp in order to exchange uppercase indices with lowercase 
indices. Once a vielbein is introduced and applied to the lowest cocycle oj^ so its indices will be 
uppercase, the same follows for all higher cocycles i02j+i. 

4 Discussion 

4.1 Examples 

As a first examplqj, let us compare our results with those of the first reference in [13], as 
applied to the case when the worldvolume Wp is a p-dimensional torus, with p > 2 and even (for 
example, the product of 4 circles, S^ x S^ x S^ x S^). This manifold qualifies as compact Kahler 
quantisable. As in [13], our approach does not quantise by deformation, but rather by compacti- 
fication of the relevant infinite-dimensional Lie group of volume-preserving diffeomorphisms. 
Such a compactification requires truncating the infinite dimension of the Lie group to a finite 
value, since infinite-dimensional manifolds cannot be compact. Alternatively, one could term 
our approach as compactification by truncation of the infinite number of dimensions of the Lie 
group. However there is no deformation involved in this procedure. In this sense our approach, 
although perspectively different, completely agrees with that of [13], where a theorem proving 
the impossibility of deforming the Lie group when the torus has dimension greater than 2 is 
cleverly circumvented. 



^We thank the referee for suggesting analysing these two examples. 
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Another archetypal example is the case of complex projective space CP , also compact Kahler 
quantisable. When A^ = 1 this reverts to the case of the Riemann sphere studied in [T2]. Since 
this space is SU{N + 1)/SU{N) x U{1), the possibility of approximating its infinite-dimensional 
Lie group of volume-preserving diffeomorphisms by su{n) for n ^ oo transformations is intu- 
itively evident. The manifold CP has a simple (co)homology ring, given by H2j{CF ) = Z 
for < j < N and zero otherwise. This means that, (co)homologically, complex projective 
space in N complex dimensions can be obtained inductively: starting from a point (N = 0), we 
attach a complex 1-dimensional cell at infinity to obtain CP ; to the latter we attach a complex 
2-dimensional cell at infinity to obtain CP , and so forth. This simple inductive structure is 
reflected in the way one quantises branes whose fixed-time worldvolume equals CP . Namely: 
when N = 1, the lowest Lie-algebra cocycle io^ (necessary to quantise CP ) is present in su(n), 
for all n > 2; when N = 2, the next lowest Lie-algebra cocycle ws (necessary to quantise CP ) 
is present in su{n) for all n > 3; when N = 3, the next lowest Lie-algebra cocycle wy (necessary 
to quantise CP ) is present in su{n) for all n > 4; and so forth. 

4.2 Conclusions 



Equation (129p proves that the Lie-algebra cocycles provide a quantisation of the classical Nambu 
brackets: the classical limit is recovered when A — > oo, while any finite value of A provides 
a discrete approximation to the classical, continuous case. As in equation ()23p . this is precisely 
what quantisation means: the replacement of a continuous bracket operation (on an infinite 
number of functions on the worldvolume) with a discrete bracket operation (on a finite number 
of generators of a certain Lie algebra). 

There are some fundamental similarities between the corresponding quantisations (as sum- 
marised by equations (j23p and (|29p , respectively). In either case the corresponding limit holds 
when a specific choice is made for the manifold representing the worldvolume at fixed time. As 
indicated above, this approach to quantisation might well be called quantisation by compacti- 
fication: we replace the infinite-dimensional Lie group of volume-preserving diffeomorphisms 
with some compact approximation (or truncation) thereof. Let us explain this point in more 
detail. No infinite-dimensional manifold can be compact. On the other hand, the Peter-Weyl 
theorem [16] states that any compact Lie group must necessarily be isomorphic to some sub- 
group of the unitary group U{N), for some value of A - in particular, it must be a matrix group. 
Loosely speaking, quantisation is some kind of representation of physical quantities by means of 
matrices. Hence our previous statement concerning quantisation as a compactification (of the 
group of volume-preserving diffeomorphisms, in our case) makes perfectly good sense. 

A power of ih must multiply all time derivatives in the quantum theory, as in equation ([6]). 
This power must appear on the left-hand side of expressions relating time evolution to multi- 
brackets, so no such factor need appear in our quantisation prescription (j29p . For quantum- 
mechanical consistency, where the classical limit is defined as that in which /i — > 0, Planck's 
constant must be understood as being inversely proportional to the cutoff parameter A in equa- 
tion (130]) . 

Finally it should be mentioned that (supersymmetric) matrix models such as (j24p arise in 
M-theory [171 I18j . where the limit n — > cxd is also taken. Related topics have been analysed 
in [19] and [20], respectively. 
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